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Abstract. We geometrically construct a homology theory that gener- 
alizes the Euler characteristic mod 2 to objects in the unoriented cobor- 
dism ring A/", (X) of a topological space X. This homology theory Eh, 
has coefficients Z/2 in every nonnegative dimension. There exists a nat- 
ural transformation N,[X) — > Eh,{X) that for X = pt assigns to each 
smooth manifold its Euler characteristic mod 2. The homology theory 
is constructed using cobordism of stratifolds, which are singular objects 
defined below. 

An isomorphism Eh,{X) H,{X;Z/2) (gj^/a Z/2[t\ of graded M,- 
modules is shown for any CW-complex X. For discrete groups G, we also 
define an equivariant version of the homology theory Eh,, generalizing 
the equivariant Euler characteristic. 

1. Introduction 

We construct a homology theory using bordism of Euler stratifolds, sin- 
gular objects defined below. This homology theory Eh^f has coefficients Z/2 
in every nonnegative dimension. There is a natural transformation from 
the unoriented bordism theory A/'*(X) to Eh»{X) obtained by regarding a 
smooth manifold as an Euler stratifold. For X = pt this assigns to each 
smooth manifold its Euler characteristic mod 2. 

For CW-complexes X, we obtain Eh^X) ^ H^{X; Z/2) 0^/2 Z/2[t] with 
deg t = 1. The natural transformation 7V*(X) — > Eh^{X) maps the el- 
ement [MJ] e MniX) to the element Eo<j<n /* w„_j(M) (g) T-^' e 
H^{X;Z/2) (g)j^/2 Z/2[t] ^ EK{X), where PBwn-j is the Poincare dual of 
the (n — j)-th. Stiefel- Whitney class. Thus the homology theory Eh^, allows 
a geometric detection of these bordism invariants. 

The objects used in the geometric construction are stratifolds, introduced 
by Kreck |Kre05j . Stratifolds are differentiable singular objects that gener- 
alize smooth manifolds. They are very useful for defining homology theories 
geometrically. One can define singular homology as a bordism theory using 
stratifolds by placing certain restrictions on them |Kre05j . It is a natural 
question to consider other sets of restrictions, to ask whether these also 
lead to bordism theories and, if so, to analyze the homology theories thus 
obtained. 
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The restrictions on the Euler characteristics of certain subobjects are mo- 
tivated by |Aki75j . The objects considered there are polyhedra, so the con- 
text is quite different. Akin constructs an ungraded bordism theory isomor- 
phic to total Z/2-homology. In contrast to Akin, we construct a graded ho- 
mology theory and a graded isomorphism Eh^{X) = H^{X; Z/2) ®2/2^/2[i] 
of graded AC-modules. Our theory recovers Akin's when we set t = 1. (This 
corresponds to forgetting the dimension of a stratifold.) Akin mentions 
that the coefficients of a graded homology theory would be Z/2 in every 
nonnegative dimension, but this is not analyzed any further. An advan- 
tage of our approach is that we obtain a canonical natural transformation 
A/'*(X) Eh^:{X) of graded A/'=K-modules which cannot be constructed using 
the ungraded theory. 

The use of these restrictions on the Euler characteristic in the context 
of stratifolds was suggested by Kreck. I want to express sincere thanks for 
proposing this question, for introducing me to the fascinating subject of 
stratifolds, and for many animated discussions while this work was devel- 
oped. I also thank the referee for his detailed report and helpful comments. 

2. Euler stratifolds 

Stratifolds are a generalization of smooth manifolds. They were intro- 
duced by Kreck |Kren5j . Euler stratifolds are defined using parametrized 
stratifolds |Kref)5| Chapter 2.3, Example 9]. For the convenience of the 
reader we recall definitions and techniques from this theory. Details can be 
found in |Kre05j . 

We always consider smooth manifolds in the sequel, thus whenever mani- 
folds are mentioned they are implicitly assumed to be smooth. Parametrized 
stratifolds are defined using c-manifolds, manifolds with germs of collars. 

Definition 2.1. A collar of a manifold M with boundary dM is a smooth 
map (/?: dM x [0,e) M satisfying ip(x,0) = x for all x £ dM and that is 
a diffeomorphism onto its image. Two such collars ip: dM x [0,e) — >• M and 
ip' : dM X [0, e') — > Mare called equivalent if there exists an e" < min(e,e') 
such that the restrictions of f and (p' to dM x [0, e") coincide. 

A c-manifold M is a manifold M with (possibly empty) boundary equipped 
with an equivalence class of collars. 

A c-map between c-manifolds M and N is a smooth map f : M ^ N such 
that there exist representatives ipM ■ dM x [0, e) — > M and ipN : dN x [0, e) — > 
N of the germs of collars for which either 

f{^M{x,t)) = fix) for all {x,t) G x [0,e) 

or 

f{ipM{x,t)) = ipN{fix),t) for all {x,t) G dM x [0,e). 
The latter case is only possible if f{x) G dN. 

Example 2.2. The manifold I := [0, 1] has a canonical equivalence class 
of collars given by the maps ip := {id,l — id): ({0},{1}) x [0, e) — > [0,1]. 
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We view I as a c-manifold equipped with this equivalence class of collars if 
nothing else is mentioned in the context. The same holds for [0, 1), (0, 1] and 
similar spaces. 

Any manifold can be equipped with a collar. A manifold M without 
boundary is canonically a c-manifold, equipped with the equivalence class 
of the collar — >■ M. One defines products of c-manifolds by smooth- 
ing of collars. C-manifolds can be seen as building blocks of parametrized 
stratifolds. 

Definition 2.3. An n-dimensional parametrized stratifold S is a locally 

compact Hausdorff space S with countable basis together with proper maps 
fc,: So^ S,...,fn: S such that 

• Si is an i-dimensional c-manifold 

• is a homeomorphism onto its image and S = Y[i<nfi{Si) 

• /.(95.)C5(-i):=U,<,-i/,-(5,) 

• files, - dSi 5(^-1) is "smooth": This means that for all continuous 
maps p: S^'^~^^ M such that pfj : Sj —>■ M. is a c-map for allj < i—1 
the composition pfi\dSi ■ 9Si — >■ R is smooth. 

We call the z-stratum of S and S^'^~^^ the {i — l)-skeleton of S. 

We also call parametrized stratifolds p-stratifolds. One can visualize a p- 
stratifold by imagining it being built inductively from the smooth manifolds 

Si. One starts with 5*0, which is just a collection of points, then takes ^i, 
which is a collection of 1-spheres and intervals, these intervals being glued to 
Sq at the boundary points via /i, then glues <S'2 to this structure via /2, and 
so forth. The equivalence classes of collars and the maps fi are explicitly 
part of the structure. 

Strata can be disconnected. In every dimension from to n, there is 
exactly one stratum. Note that a stratum can be empty. This means that 
we cannot read off the dimension of a p-stratifold from the topological space 
S alone: The topmost strata may be empty, but are nevertheless part of the 
structure. 

In our definition, the dimension n is always finite, so we only have finitely 
many strata. We could also define infinite-dimensional stratifolds, but we 
will not need these in the sequel. 

Example 2.4. An m- dimensional manifold M without boundary can be seen 
as an m- dimensional p-stratifold by taking S = M , Sq = . . . = Sm-i = 0; 
and Sm = M,f„i = idpi. If the context does not imply anything else, we 
mean this p-stratifold whenever we view a manifold as a p-stratifold. 

Example 2.5. An m- dimensional manifold M can be seen as an n-dimen- 
sional p-stratifold for all n > m by filling it up with empty strata Sm+i = 0; 
. . ., Sn = 0. We denote this p-stratifold by Mn. A special case of this are 
the p-stratifolds ptn, for n > 0. 
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Example 2.6. The open cone CS := S x (0, 1]/S x {1} over a p-stratifold S 
has an induced p-stratifold structure given by /q: (C5)o := pt ^ S x {1} C 
S X (0, l]/5 X {1} and fi+i = fi x i(i(o,i] : (C5),+i := Si x (0, 1] ^ 5 x 
(0, 1]/S X {1} for allO<i<n. 

An open subset [/ C 5" of a p-stratifold S that is compatible with the collar 
structure is a p-stratifold, with the induced p-stratifold structure given by 
intersection with U: 

Definition 2.7. Let U be an open subset of the n-dimensional p-stratifold 
S such that for all i there is a collar (psi '■ dSi x [0, e) Si in the given 
equivalence class of collars such that for all x S ff (U) fl dSi we have 
fiivSii{x} X [0, e))) € U. Then we define an induced p-stratifold structure 
on U by Ui := Si fl f^^{U) and {fu)i '■= {fs)i\Ui for all < i < n. For the 
collars we take the equivalence classes of the collars VSi\dUix[o,e)- 

One can also define a product of p-stratifolds: 

Definition 2.8. The product S xT of two p-stratifolds S and T of dimen- 
sions k respectively I is given by the topological space S x T and the maps 
fi ■■= Uo<J<^ifs)J X {fT)i-j: (S X T\ := [jo<J<^SJ x T,., ^ S x T for 
0<i<k + l. 

The meaning of "smooth" in Definition 12.31 is only a special case of the 
general definition of smooth maps between the objects we introduced, and 
which will be given now. 

Definition 2.9. A continuous map h: S ^ M from an n-dimensional p- 
stratifold to a c-manifold is called smooth if for all j < n the composition 
hfj : Sj ^ M is a c-map. 

A map g: M ^ S from a c-manifold to a p-stratifold is called smooth if 
kg is smooth for all smooth maps h: S — > M. 

A map /i: 5 — > T from an n-dimensional p-stratifold to another p-stratifold 
is called smooth if for all j < n and for every component {Sj)k of Sj there 
is a c-map h(^j f,y. {Sj)k — > such that the composition hfj-. {Sj)k T 

can be factored as {fT)i(j,k)h(j,k)- 

The definition of smooth maps between p-stratifolds in particular implies 
that a diffeomorphism of p-stratifolds is a homeomorphism of the underlying 
topological spaces preserving the p-stratifold structure. 

Remark. A peculiarity of the above definition is that for a p-stratifold S 
and a c-manifold M one obtains the same definition of maps f : S ^ M 
regardless of whether one considers M as a c-manifold or as a p-stratifold, 
but it makes a difference for maps g: M ^ S. This is of no importance in 
the following, the general definition of maps between p-stratifolds being only 
included for completeness; we will only need diffeomorphisms. 
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Basic concepts of differential topology extend to p-stratifolds, such as 
the existence of smooth partitions of unity and Brown's theorem |Kren5| 
Propositions 2.3 and 2.6]. 

Every algebraic variety with isolated singularities admits a canonical 
structure as a p-stratifold fHrifl.Saj . More generally, every abstract pre- 
stratified space in the sense of Mather |Mat7nj is a cornered p-stratifold, a 
generalization of a p-stratifold which we have not defined here |Grin3b| The- 
orem 3.4.2]. Furthermore, for any abstract pre-stratified space V, there is a 
p-stratifold S such that V is isomorphic to 5 as a stratified space |G!rin3b| 
Corollary 3.4.4]. Various classes of singular spaces, such as Whitney strat- 
ified spaces and algebraic varieties, admit a structure of an abstract pre- 
stratified space. So they admit a structure of a p-stratifold. 

Since we will define a bordism relation of p-stratifolds, we need to intro- 
duce a notion of p-stratifolds with boundary. 

Definition 2.10. An n- dimensional p-stratifold with boundary is given by 
a triple (S, dT, ipx) asT = 5U<^y ((9Tx [0, e)), where S is an n - dimensional p- 
stratifold, dT is an {n — 1)- dimensional p-stratifold and ipx '■ dT x (0, e) — > S 
is a diffeomorphism onto its image. We require that (pxidT x (0, e/2]) is 
closed in S and that for any open subset U C dT satisfying the conditions 
of Definition \2. ?| the image (j)T{U x (0,e)) is open in S. 

The i-stratum of a p-stratifold with boundary is given by Ti := Si U<^j, 
((aT),_i X [0,e)). 

One sees that the approach taken in this definition is analogous to an 
approach one can take when looking at c-manifolds: One can view a c- 
manifold M as the union of its interior M with dM x [0, e), glued together 
by a collar map cp that is a representative of the given equivalence class of 
collars. In the above definition, the p-stratifold S plays the role of M . The 
last condition ensures, loosely speaking, that if really glues dT to an end of 
S and not somewhere into its interior. 

Analogously to Definitions \2.7\ [2^ and [2^ one defines induced p-stratifold 
structures on open subsets, products and smooth maps for p-stratifolds with 
boundary. 

Example 2.11. The cone CS = S x [0, 1]/S x {1} is given by the triple 
(CS, S,id). 

In this example, the cone point cannot be part of the boundary if dim S > 
1, because then pt x (0,e) is not open in CS. 

We now define the notion of bordism of p-stratifolds. 

Definition 2.12. Two pairs (S , g) and{S',g') of n- dimensional p-stratifolds 
S respectively S' and continuous maps g: S ^ X respectively g' : S" — > X to 
a topological space X are called bordant if there exists an {n-\-l)- dimensional 
p-stratifold T with boundary such that dT = S U S' and a continuous map 
h: T ^ X such that h\QT = gU g' . 
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We observe that the cyhnder S x [0, 1] gives a bordism of a p-stratifold S 
to itself and that two p-stratifolds can be glued canonically along common 
boundary components thanks to the existence of germs of collars. Thus 
"bordism" is a well defined equivalence relation. 

For a topological space X the equivalence classes [S, g] of n-dimensional 
closed p-stratifolds and continuous maps g: S ^ X form a set |Kren5[ 
Proposition 4.1], and a group structure is given by disjoint union. The neu- 
tral element is [0], and any element is of order maximal 2, thus we obtain a 
Z/2-vector space. 

We do not obtain an interesting theory when we try to define bordism 
of all p-stratifolds, since for any p-stratifold S the cone C5 is a p-stratifold 
that gives a zero bordism. Thus we have to place certain restrictions on 
the p-stratifolds ensuring that not all p-stratifolds can be "coned off" - 
that not for all allowed p-stratifolds S the cone CS is again allowed. These 
restrictions have to be compatible with the bordism relation. 

We call a class of p-stratifolds a bordism class if it has properties allowing 
an equivalence relation "bordism" of its p-stratifolds and if the restrictions 
are sufficient to ensure that this bordism theory is a homology theory. 

Definition 2.13. A class C of p-stratifolds is called a bordism class if it 
satisfies the following properties: 

(1) If S is a closed p-stratifold in C, then S x I is in C. 

(2) // S and S' are compact p-stratifolds in C, then S YL S' is in C . If 
T' and T" are compact p-stratifolds with boundary such that dT' = 
SUS' and dT" = S' U S" , with S n S' = S' n S" = dS = dS' = 
dS" an (n — 2) -dimensional p-stratifold, then T' Us' T" G C, and 
d{T' Us' T") = SyJds' S" G C. 

(3) Given a compact n-dimensional p-stratifold S & C, if p: S ^M. is a 
smooth map and t £ is a regular value of p, then p~^{t) is in C, 
and p~^{[t, oo)) and p^^{{—oo,t]) are in C. 

Proposition 2.14. If C is a bordism class, then bordism of compact p- 
stratifolds in C is well-defined and defines a homology theory Tic,*- 

Proof. Property 1 ensures reflexivity and Property 2 ensures transitivity of 
the bordism relation. Symmetry is clear. Thus one can define bordism 
groups Gn{X) of n-dimensional closed p-stratifolds 5 in C and continuous 
maps g: S ^ X. Induced maps are given by composition: A smooth map 
f:X^Y induces /, : G„(X) ^ G„(y), [S,g] ^ [S, fg] for all n. 

In order for Gn{X) to define a homology theory, the Mayer- Vietoris se- 
quence is needed. For an open covering Ui U U2 of X, a boundary operator 
d: Gn{Ui[JU2) Gn-i{Uir\U2) in the Mayer- Vietoris sequence is obtained 
as follows |Kren5| Proposition 5.1]. 

For [S,g] € Gn{Ui U U2) we take a smooth map /): S — > M such that 
p{g-^{{UiVJU2)\Ui)) = 1 and p{g-^{{Ui\JU2)\U2)) = -1. Now we choose 
a regular value t € (—1, 1) of p and set W := /0~^({i}). One shows that this is 
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a p-stratifold of dimension n — 1 by inductively applying the analogous result 
for smooth manifolds. It is again compact without boundary, and Property 
3 ensures that [M^, fi'lvi/] =: d{[S,g]) is an element of G„_i(C/i PI U2)- 

One uses Properties 2 and 3 to check that this is well defined and leads 
to a long exact Mayer- Vietoris sequence IKreQSl Theorem 5.2]. □ 

Any homology theory thus obtained satisfies the disjoint union axiom 
because we are using compact p-stratifolds: Let / be any countable index 
set, and let X := Iljg/Xj be the disjoint union of topological spaces Xj. A 
compact p-stratifold only has finitely many components, so any map from a 
compact p-stratifold to X only hits finitely many components of the disjoint 
union. Thus we have 

'Hc,*{Ui^iX.i) = ^^Hc,*{Xi). 

One way to obtain interesting bordism classes is to restrict attention to p- 
stratifolds whose strata of a fixed codimension are empty or nonempty. The 
most prominent example is the special case "codimension 1-stratum empty" . 
For all n > 0, one requires an n-dimensional p-stratifold S to have an empty 
(n — l)-stratum Sn-i = 0. For CW-complexes, the bordism theory defined 
this way is isomorphic to singular homology with Z/2-coefficients ^KreOHl 
Theorem 20.1]. 

We sketch the basic ideas, since they are similar to the ones we apply in 
the next section. It is easily seen that this restriction fulfills the properties 
listed in Definition 12. 131 and thus defines a homology theory. 

The decisive step is to compute the coefficients of the theory. The im- 
portant observation here is that any p-stratifold of dimension n > 1 can 
be "coned off". CS is a zero bordism, an (n + l)-dimensional p-stratifold 
with boundary S fulfilling (C75)„ = since (C5)„ = Sn-i x [0, 1] = for 
all n > 1. But for n = we are in a different situation: The cone over a 
0-dimensional p-stratifold 5" is a 1-dimensional p-stratifold that does have a 
0-stratum, the cone point, thus it is not an allowed zero bordism. We obtain 
a non-trivial 0-th homology group that is isomorphic to Afo{pt) = HQ{pt). 
The comparison theorem is used to complete the argument. 

We now introduce a different restriction on p-stratifolds having to do with 
the Euler characteristic of certain subspaces. In sectional we show that this 
restriction fulfills the properties listed in Definition 12.131 Then we analyze 
the homology theory thus obtained by computing its coefficients and general 
structure. 

Given the i-skeleton S^^^ := [Jj<i fji'^j) of an n-dimensional p-stratifold 
S {i < n) and representatives ipi : dSi x [0, e) — > Si of the germs of the collars 
of the Si for all i + 1 < I < n, one can define an open neighborhood W^^'"^^ 
of S*^*^ inductively by setting 

^r{^,i) ._ gii) 

u fi{^i{f-\fi{dSi) n X [0,e))) for i < / < n. 
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One defines a retract of this neighborhood onto S^^^ by the composition 
Ti ■= {ri)i,i+i . . . {ri)n-i,n, where {ri\i+i : VF^'-'+i) is given by 

_ iidwi^,n ont^W) 

We call the map the retract given by the collars, since it is basically just 
repeated projection along the collars onto the boundaries of the strata. 

In the case of p-stratifolds T with boundary, T = {S,dT,(pT), the open 
neighborhood VF^*'") of the i-skeleton Tj is defined as 

with the retract given by the collars as above. One can also define open 
neighborhoods of the interiors of the strata, 

£;(i,n) ._ ^-l^rj^. ^ ^ ^.(i-l))) c 

Definition 2.15. An n- dimensional p-stratifold S is called regular if for all 
< i < n and for all x € fii^i) there is an open neighborhood Ux of x in 
fi{Si) diffeomorphic to the open i-ball such that there is a diffeomorphism 
of p-stratifolds ip: r~^{Ux) — > B'' x F, with F a p-stratifold whose 0-stratum 
Fq is a single point. 

A regular p-stratifold S is called an Euler stratifold if for all x G S these 
F have the property that the complement of the 0-stratum has even Euler 
characteristic: x(F \ Fq) = mod 2. 

An n-dimensional p-stratifold T with boundary is called regular if its in- 
terior S is regular, and Euler if its interior S is Euler. 

These are the objects used in the sequel. The regularity condition means 
that the are locally trivial fiber bundles over Si \ {Si S^^ ^^), and we 

have pr2 = Fq. For a p-stratifold T with boundary the diffeomorphism 
condition on (fx implies that with S also dT is regular respectively Euler. 

Example 2.16. Any c-manifold regarded as a p-stratifold is an Euler stra- 
tifold since for all points x we obtain r^^{Ux) = Ux, thus F = Fq, and the 
above conditions are trivially satisfi,ed. 

Lemma 2.17. A product of regular p-stratifolds is again regular, and a 
product of Euler stratifolds is an Euler stratifold. 

Proof. Let S and T be regular p-stratifolds. Then every {s,t) £ fi^j{Si x 
fj) C 5 X T has an open neighborhood irs):i'^{Us) x irT)j^{Ut) = B' x 
F X Bi xG = X (F X G). For the fibers F xG there is the open 

covering (F \ Fq) x G U F x (G \ Go) of (F x G) \ (Fq x Go), the intersection 
being (F \ Fq) x (G \ Go). If S and T are Euler stratifolds, this leads to 
X((F X G) \ (Fo X Go)) = x{{F \ Fo) x G) + x{F x (G \ Go)) + x{{F \ Fo) x 
(G \ Go)) = mod 2. □ 
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3. EULER HOMOLOGY 

In this section, we define and analyze Euler homology. The homology 
groups will be obtained as bordism groups of Euler stratifolds. 

Theorem 3.1. Bordism groups Eh^,{X) can he defined by 

Ehn{X) := {[S,g] \ S n-dim. closed Euler stratifold, g: S ^ X cont.} 
for all n >0 and yield a homology theory. 

Proof. We have to prove the properties of Definition l2.13l By ExamDle l2.161 
c-manifolds are Euler stratifolds, and the Euler property is preserved by the 
product, thus for any Euler stratifold S also S x [0, 1] is an Euler stratifold. 
Gluing of Euler stratifolds along common boundary components leads to an 
Euler stratifold. The Euler property is a local condition, thus we only have 
to check whether it is true at the points where the Euler stratifolds are glued 
together. There it follows from the fact that it holds on the boundary and 
from the existence of collars. 

For the points x in the preimage of a regular value i of a smooth map 
p: T — > M one applies the result for smooth manifolds to the neighborhood 
^ 5* of X in T(*) \ r(*-i). One obtains a submanifold K C diffeo- 
morphic to B^^^. Since there are collars with which p is compatible (see 
definitions 12.11 and 12. 9|) . all points in the neighborhood r^^iVx) defined by 
these collars are in p~^{{t}). This neighborhood has the same fibers as the 
original neighborhood of a; in T (we could use the same collars to define it), 
thus the Euler condition is again satisfied. □ 

The central question now is to determine the coefficients Eh^{pt) of this 
homology theory. We first observe that any Euler stratifold that has even 
Euler characteristic is zero bordant since the cone over it is again an Euler 
stratifold. 

Lemma 3.2. Let S he an n-dimensional Euler stratifold. If x{S) = 
mod 2, then [S] = in Ehn{pt). If xi^) = 1 mod 2, then [S] = [pt„] in 
Ehnipt). 

Proof. It is clear that C5 is again a regular p-stratifold and that the Euler 
property is true for all x outside the 0-stratum. For the cone point x = 
/o((C5)o) we observe that an open neighborhood rQ^{x) = B^ x F of x in 
C5 is given by y = Sx{l-e, l]/5x{l}, and so x(i^\i^o) = xiSx{l-e,l)) = 
x{S). Thus if xiS) = mod 2 then CS is an Euler stratifold with boundary 
S, and therefore [5] = G Ehn{pt). If x{S) = 1 mod 2 then x(5'Upt„) = 
mod 2 implying [S U = and thus [S] = \ptr^ E Ehn (pt) . □ 

Determining the coefficients of Ehn{pt) now boils down to the question of 
whether or not defines a nontrivial element in Ehn{pt). The following 
theorem states that the Euler characteristic of the boundary of a compact 
Euler stratifold is even, implying that the point cannot be zero bordant and 
is therefore a nontrivial generator of Ehn{pt) for every n. 



10 



JULIA WEBER 



Theorem 3.3. xi^T) = mod 2 for all compact Euler stratifolds T with 
boundary. 

Proof. Let T be a compact n-dimensional Euler stratifold with boundary 
given by the triple {S,dT,ipT)- The idea of the proof is to calculate the 
Euler characteristic x(^) i^i two different ways, obtaining the equations 

n 

(1) ;^(r)^^xm) + x(5r) mod 2 

and 

n 

(2) ;^(r)^^x(r^) mod 2. 

i=0 

For compact smooth manifolds the theorem is known to be true, and the first 
equation is shown inductively using this information. The second equation 
explicitly uses the Euler property. 

If T is compact, then dT is compact as well as all Tj, since Tj is homeo- 
morphic to T^^^ fi T \ W^'^~^'"'\ and thus a closed subset of a compact space. 

Proof of equation Q- 

We cover T by the open subsets r„ and W^"~^'"'\ Their intersection 
Tn n is homotopy equivalent to d{Sn)- We also have the covering 

of d{Tn) by open neighborhoods of d{Sn) and {dT)n-i x {0}, their intersec- 
tion being homotopy equivalent to 5((9T)„_i). Thus we know that xiT) = 
xiTn) + + x{d{Sn)) mod 2 and = x(9(T„)) = x{d{Sn)) + 

x{{dT)n-i X {0}) + x(9((ar)„_i)) mod 2. Noting that VF^""!'") is homo- 
topy equivalent to r("-i) and that x(9(T„)) = = x(.d{dT)n-i) mod 2, 
we obtain x{T) = x(^n) + x{T^'^~^'^) + x(('9^)n-i) mod 2. Since the equa- 
tion is obviously true for 0-dimensional Euler stratifolds, we inductively 
obtain x{T) = Y17=oX{Ti) + Y17=iX{{dT)i-i). Applying this equation to 
the (n — l)-dimensional compact p-stratifold (without boundary) dT, one 
obtains xidT) = E7=o x{{dT)i) and thus x{T) = ELo x{Ti) + x{dT). 

Proof of equation\^ 

We use the same procedure, but for a different open covering of T: This 
time T = T\ r(°) U and we know that tq : T^o) is a locally 

trivial fiber bundle. Thus the intersection T \ T^^^ D E^^'"'^ also is a locally 
trivial fiber bundle over T(o). The fibers F of ro become F\Fo, and of these 
we know that they have even Euler characteristic. Thus the total space of 
this bundle also has even Euler characteristic. We obtain x(^) = xi^ \ 
T^^^) + xiE^^'"^^) mod 2. E^^'""^ is homotopy equivalent to Tq. To proceed 
inductively, we show that xiT\T^^^) = xiT\T^^~^^^) +xiTj+i). For this we 
use the covering T\T^^^ = r\r(j+^)uF(^+^'"). By definition, the intersection 
of ^(i+i.") with T \ r(^'+i) is a locally trivial fiber bundle and the fibers all 
have even Euler characteristic, so xiT \ T^^)) = xiT \ T^^+i)) + x(F(^+1'")) 
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mod 2. Since E^^'^^'"'^ ~ ^i+i — ^j+i ^^'^ ^ \ ^''"^ = we can proceed 
inductively to finally obtain equation [21 □ 

Thus we have calculated the coefficients of Eh^. 

Corollary 3.4. Ehn{pt) ^ Z/2 for all n>0. 

A natural transformation J\fit{X) — > Eh^{X) is obtained by regarding 
an n-dimensional singular manifold [M, /] G J\fn{X) as an n-dimensional 
Euler stratifold [M, /] € Ehn{X). Here M is equipped with the canonical 
equivalence class of collars (/? : ^ M. For X = pt this map leads to 

Mnipt) ^ Ehn{pt) = Z/2 

[M] ^ x{M) mod 2. 

$ is a well defined natural transformation since both theories are defined 
as bordism theories. A bordism in AC(X) leads to a bordism in Eh^{X) 
by choice of an equivalence class of collars, and constructions like induced 
maps and the Mayer- Vietoris sequence are defined analogously. 

The homology theory Eh^,{X) has a product structure given by the prod- 
uct of Euler stratifolds, Ehn{X) x Ehi{Y) Ehn+i{X x Y). The above 
natural transformation thus induces an AC-module structure on Eh^{X). 

The next goal is to understand not only the coefficient groups Eh^{pt) 
of the Euler homology theory, but also the groups Eh^{X) for any CW- 
complex X. This is done by comparing it to homology theories we know, 
more precisely: An isomorphism 

V^: EK{X) A H^{X-Z/2) t^^/^ Z/2[t] 

of homology theories is given. 

We equip Z/2[t] with the A/'=K-module structure induced by the map A/"* — > 
Z/2[i], [N] ^ x{N) ■ t^ii™^. Then we can extend the natural transformation 
$ to a natural transformation (p: AC(X) ®j\f, Z/2[t] Eh^{X) by defining 
it on Z/2[t] as v'l*") := \ptn]- By the calculations above this is compatible 
with the AC-module structure, thus well defined. The map thus obtained is 
an isomorphism: 

Theorem 3.5. The map <f: J\f4X)0j^^Z/2[t] Eh^X), [M*,/*]®*""* ^ 
[M^, P] is a natural isomorphism of homology theories preserving the prod- 
uct and M*- module structures. 

Proof. We first show that A/'*(X) ®j\f, Z/2[i] is a homology theory. Then we 
can use the comparison theorem to show that it is isomorphic to Eh^{X). 

We start with the natural isomorphism A/'*(X) = Z/2) ®i/2^* of 

AC-modules following from the work of Thom (see |Sto68j or |Qui71| ) . One 
can tensor both sides over with Z/2[i] to obtain A/'*(X) 0_/v; Z/2[t] = 
H^{X,'L/2) ®i/2 Z/2[t]. The right side is a homology theory since Z/2[t] is 
free over Z/2, so the left side is a homology theory, too. 
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The natural transformation (p preserves the homology theory structure 
since induced maps and the boundary operator in the Mayer- Vietoris se- 
quence are defined analogously. It is an isomorphism for X = pt since 
in this case it reduces to Z/2[t] Eh^{pt) = Z/2[i],r ^ \ptn]. By the 
comparison theorem, ip is a natural isomorphism of homology theories for 
CW-complexes. 

The map preserves the product and A*-module structures since they are 
defined analogously on both sides. □ 

In the above proof we see that A/"* (X) (8) a/", ^ /2 [t] , and thus also -E/i* (X) , is 
isomorphic to H^(X; Z/2) (X)z/2 Z/2[t]. (An A/C^-module structure is induced 
on i?*(X;Z/2) ®z/2 ^/2[i] by the one we defined on Z/2[t].) We can even 
give an isomorphism in a concrete way: 

Theorem 3.6. There is an isomorphism of homology theories given by 
/x: A/;(X)®A/;Z/2[t] ^ Z/2) (8)^/2 Z/2[t] 

0<j<i 

Here Wi-j{M') G H'-^ {M';Z/2) are the Stief el- Whitney classes. The map 
PD: W-j{AP;Z/2) Hj{M^;Z/2) is the Poincare duality map. This iso- 
morphism preserves the product and A/"* -module structures. 

Proof. We first need to show that n is well defined. For this we need to see 
that the map 

H': K{X) ^ H4X;Z/2)0^/^Z/2[t], [M\ f'] ^ ^ fiPBwi-j{M')^f-^ 

0<j<i 

is a well defined A/'*-linear map preserving the product structure. 

It is well defined if it is a bordism invariant, that is if /i'([M*,/*]) = 
for (M%f ) = d{W'+^,h^+^). If (M\f ) = diW'+^,h^+^), the inclusion 
i: M* —>■ W^'^^ induces an inclusion of the tangent bundles, and since 
M' = dW^~^^ has a collar in naturality of the Stiefel- Whitney classes 

implies Wi-j{M^) = i* {wi-j(W^+^)) for ah j. Since PD = PD5*, with 5* 
the boundary operator in cohomology of the exact sequence for the pair 
(VF*+\M^), we have /x'([M\/']) = 0: We know that 5*i* = 0, so for all j 

fi PD Wi-j{M') = hi+H^ PD Wi-j{M') = hi+^ PD S*Wi-j{M') 
= hi+^ FB 6* i*Wi-jiW'+^) = 0. 

The map ^' is obviously additive. The Stiefel- Whitney classes and the 
Poincare duality map are compatible with the product structure, so /x' is, 
too. It remains to show that the AC-module structure is preserved. We 
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calculate 
l,{[N].[M\f]) 

= n{[N X M,cstx f]) 

0<i<dimiV 0<j<i 
0<j<i 

= x{N)- J2 /:PD^«^-,■(M0®^^''"^■f-^■ = [7V].Ai([M^r]). 

0<j<i 

Since ^ is given by the identity on the second factor, these calculations 
suffice to show that is a well defined A/'*-bilinear map on the product, thus 
a well defined map on the tensor product. 

Now we show that /i is a natural transformation of homology theories. 
Obviously fi commutes with induced maps, ji also commutes with the 
boundary operator d in the Mayer- Vietoris sequence: If [T, g] = d{ [M* ,/*]), 
then T C M* and g = /'[t by construction. Let i: T M* denote the 
inclusion. The manifold T has a bicoUar in M*, so naturality of the Stiefel- 
Whitney classes implies Wi-j{T) = i*{wi-j{M'^)) for all j. We know that 
PDi* = dPD: HP{T) ^ i?j_p_i(M^) for all p by inspection of definitions. 
We calculate 

0<j<i 0<j<i 
0<j<i 0<j<i 

= i,{[Tn.i,r\T]) = iid{[M^,r]). 

Finally we show that /j, is an isomorphism for X = pt. In this case 

fi: EK{pt)^ H^{pt;Z/2) 0z/2Z/2[t] ^Z/2[t] 

\ptn] ^ csU PD wo{pt) ®f = t" for all n. □ 

The main result now is an easy corollary. 

Theorem 3.7. There is a natural isomorphism of homology theories 

EK{X) ^ H4X;Z/2) ^^t] 

that preserves the product and Af:^ -module structures. 

Proof. By composition with ip^^ the map n yields an isomorphism 

Tp := i2ip-^ : Eh^{X) A H^{X- Z/2) 0^/2 Z/2[t]. 

Since ip and fi preserve the product and AC-module structures, if) does, 
too. □ 
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This isomorphism has the property that V'^ : M^,{X) — > Z/2) (8'z/2 

Z/2[t] maps [M, /] G A/'n(X) to Eo<i<n /* PD u;n-j (M) ® t"-^' by construc- 
tion, since = fnp'^^ = MV?" VlAr,(x) = /^Iat^x)- 

We summarize the different natural transformations in the following dia- 
gram: 




H,{X;Z/2) ®z/2 Z/2[t]. 

4. Equivariant Euler homology 

Let G be a discrete group. It is possible to define equivariant homology 
theories using bordism of p-stratifolds with a G-action. The discrete group 
G is a 0-dimensional smooth manifold, so we can endow G x S with the 
product p-stratifold structure. 

Definition 4.1. A p-stratifold S is called a G-stratifold if there is a smooth 
proper G-action on S, i.e., a smooth map of p-stratifolds 0: G x S — > 

S, {g, s) I— > gs such that 

(1) es = s 

(2) igh)s = g{hs) 

(3) G X S ^ S X S, {g, s) ^ {gs, s) is proper. 

The map 9g: S ^ S, s gs is in Aut{S) for all g ^ G. In particular, 
gSi = Si for all g G G, collars are preserved, collars of the strata as well as 
collars of S, and the collar maps are equivariant (with respect to the trivial 
G-action on the interval). Hence we can also define the operation of G on 
each stratum separately (and not only on its interior Si ^ S) by continuing 
it onto the boundary. Thereby, we could also have defined a G-stratifold by 
saying: The strata Si are G-manifolds with G-equivariant collars which are 
glued together with G-equivariant maps. 

Definition 4.2. Let X be a G-space. An n-dimensional singular G-stratifold 

is a pair {S,f), where S is an n-dimensional cocompact G-stratifold and 
f : S ^ X is a G-equivariant map. 

As for usual homology theories defined via p-stratifolds, we can restrict 
ourselves to G-stratifolds satisfying certain conditions; thereby we obtain 
many different G-homology theories depending on the conditions imposed. 
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The construction of equivariant homology theories using G-stratifolds is 
analogous to the non-equivariant theory; technical details can be found 
in iWehOBj. 

We call a class of G-stratifolds a bordism class if it fulfills the equivariant 
analog of the properties stated in Definition 12.131 (The interval is endowed 
with the trivial G-action, the boundary components in Property 2 have to 
be G-invariant and p: 5 ^ M in Property 3 has to be G-invariant.) Such a 
class allows an equivalence relation "bordism" of its G-stratifolds and this 
bordism theory is a homology theory. 

These axioms are usually fulfilled for conditions given locally, i.e., in terms 
of a neighborhood of x for all x € S. If a regular p-stratifold S is endowed 
with an action of G making it into a G-stratifold, then for every x one can 
choose the Ux in Definition 12.151 such that the isotropy group Gx of G at a; 
acts on Ux- Since Gx fixes x, it also operates on Fx, making Fx into a G^- 
stratifold whose 0-stratum Fxfi is a single point. (One can choose Ux small 
enough such that gUx fl CXj / O implies g & Gx since the discrete group 
G acts properly. Then one can take the G-invariant open neighborhood 
r~^{GUx) = Gr~^{Ux) = G{B^ x Fx) and take the connected component of 
Gr^^{Ux) containing x.) If we impose conditions on the fibers Fx, this gives 
a bordism class of G-stratifolds. 

If we restrict ourselves to a bordism class C of G-stratifolds with free 
proper G-operations, we obtain an explicit description of the usual C-stra- 
tifold homology theory of the Borel construction EG xq X. We have an 
isomorphism Ti^'l^^'^ [X) = Hc,*{EG xq X), where Tic stands for the ho- 
mology theory in question. Standard examples are Eh, Euler homology, and 
H[—;'L/2) or H(—;Z), singular homology with Z/2- or Z-coefficients. The 
construction is analogous to the one for bordism of smooth manifolds with 
free G-action, described for example in |(]F64[ page 50ff]. Details can be 
found in |Webn51 Section 2]. 

For spaces X that are proper G-CW-complexes, we even obtain an equi- 
variant homology theory [WebOBj Proposition 3.1]. This means that we have 
an induction structure linking the homology theories associated to various 
G |Liicn2| page 198f]. In particular, for an inclusion a: H ^ G, the induc- 
tion map yields an isomorphism 

md^: n^Jpt)^n^^,{G/H). 

This reduces the analysis of Ti^^ to the inspection of 'H^^{pt) for all finite 
H < G. Given these groups, one can use the Mayer- Vietoris sequence to 
compute TIq^{X) for all proper G-CW-complexes X. 

We can define equivariant Euler homology, a G- homology theory Eh^ , 
using G-stratifolds that are Euler stratifolds in the non-equivariant sense. 

Proposition 4.3. Let H be a finite group. Then for all n > 0, 

Eh^{pt)^Z/2. 
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Proof. Let [S] G Eh^{pt). If x{S) = mod 2, by Lemma EH we can cone 
off 5, obtaining [S] = [dCS] = 0. If xiS) = 1 mod 2 we endow the one- 
point space pt with the trivial i7-operation, making it an n-dimensional H- 
stratifold ptn- Then we cone off SUptn, which is possible since xiSUptn) = 
mod 2. We obtain [SUptn] = [d{C{S Uptn))] = 0, and so [S] = \ptn]. Since 
xidS) = for all Euler stratifolds S, by Theorem I.S.3I we know that ptn 
cannot be zero bordant. Thus Eh^{pt) = {0, = Z/2. □ 

Corollary 4.4. Let G he a discrete group, and let H he a finite suhgroup of 
G. Then Eh^{G/H) ^ Z/2 for all n > 0. 

This suffices to calculate Eh^{X) for all proper G-CW-complexes X. 
5. Advanced equivariant Euler homology 

A more advanced definition of G-Euler stratifold will now be introduced 
using the equivariant Euler characteristic with values in the Burnside ring. 
It leads to a homology theory Eh which we call advanced equivariant Euler 
homology. In this section, we prove the following proposition. 

Proposition 5.1. Let G he a discrete group, and let H he a finite subgroup 
of G. Then 

Eh^{G/H) ^ Vh for all n > 0, 
where Vh is a 'L/2-vector space with hase {H/K}, where K helongs to a 
complete set of conjugacy class representatives of the collection of subgroups 
of H having odd index in their normalizer. 

For any finite group H, the Z/2- vector space Vh can be seen as a Z/2- 
analog of the Burnside ring. Namely, if denotes oriented bordism, Q.^ {pt\ li) 
is known to be the Burnside ring A{H) |Sto7nj . On the other hand, for unori- 
ented bordism AC, M^{pt) is the Z/2-vector space Vh described above |Sto70[ 
Proposition 13.1]. Thereby, we have a ring homomorphism A{H) Vh- 
Additively, AiH) = ®^k)^,^h)^- [H/K] and Vh = ©(^)g^Z/2 • [H/K], 
with c{H) the set of conjugacy classes {K) of subgroups of H and /C = 
{{K) G c{H) I \NK/K\ odd}. 

Let A be a finite i7-CW-complex. The equivariant Euler characteristic 
with values in the Burnside Ring of X is defined by 

X^(A):= X{H\X(^K))-[H/K]GA{H). 

{K)&c{H) 

Here X(^x) := {x G A | G (AT)} is the set of points x G A with isotropy 
group conjugate to K. The projection A{H) — > V/y,x^(A) i-^ x^{X) cor- 
responds to the projection Z — > Z/2,x(A) i— > x{^) ™- the non-equivariant 
case. 

Instead of placing restrictions on the Euler characteristic x of Ex\Exfi, we 
place restrictions on the equivariant Euler characteristic x^"" |LE,n3| Defi- 
nition 6.1] of Ex\Fxfi, thereby obtaining a finer invariant. Since G acts 
properly on a G-stratifold S, all isotropy groups Gx ioi x G S are finite. 
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Definition 5.2. An n- dimensional regular G-stratifold S is called a G-Euler 
stratifold if for allx G S the above Fx have the property that the complement 
of the 0-stratum maps to in Vq^ : x'^^ i^x \ Fx,o) = G Vq^ . 

An important property of a G-Euler stratifold S is that all the fixed point 
sets for H < G are Euler stratifolds in the non-equivariant sense. First 
we will show that the fixed point sets are again regular p-stratifolds. 

Proposition 5.3. Let S be a regular G-stratifold, and let H < G. Then 
is a regular p-stratifold. 

Proof. We want to show that T := is a regular p-stratifold. For a G- 
manifold M, we know that is a collection of submanifolds. So {Si}^ = 
Y[j<:iSij, where Sij is the collection of components of [Si)^ of dimension 
j, a j-dimensional manifold. Sij is a c-manifold since the action of G is 
collar-preserving. We define Tj = IIj<j Sij, i.e., we collect the strata of the 
same dimension. 

The map (/r), : T, ^ T(.?-i) has to be defined as (/t), = Z,<,{fsUs.j. 
In order for this definition to make sense we have to ensure that {fs)i\sij 
lands in T^i~^\ If x G lm{{fs)i\sij), this means that x € S^*"^), that 
X = (fs)i{y) with y G d{Si)^ , and that a neighborhood of y in {Si)^ 
has dimension j. Since x G S^'^~^\ x is in the interior of some Sk with 
k < i — I. The fact that G operates collar-preserving means that there is 
an £ > such that gip{z, t) = ^{gz, t) for all g G G, for all z G dSi in a 
neighborhood of y and for all t < e. This implies that for y G dSf we have 
H<p{y,t) = v{Hy,t) = ^{y,t) for t < e. 

S is a regular p-stratifold. So there is an open neighborhood Ux of x in 
fk{Sk) diffeomorphic to the open /c-ball such that there is a diffeomor- 
phism of p-stratifolds ■0: fk^{Ux) —^B^x F^, with F^ a p-stratifold whose 
0-stratum Fxfl is a single point. Here is the retract given by the collars. 
Set V = r^^{Ux). So we have 

yH ^ f^^k ^ p^^H ^ ^^k^^H ^ pH^ 

where the last equation results from the fact that G operates collar-pre- 
serving. The notation F^ makes sense since Gx operates on Fx and H 
is a subgroup of Gx- We can choose the neighborhood small enough such 
that {B^)^ = B^ for some I < k, and such that FJ^ still has a 0-stratum 
consisting of a single point. 

Choose a 6 < e such that (p{y, S) is in this neighborhood. Since a neigh- 
borhood of y in (Si)^ has dimension j, we know that ip(y, 5/2) has a neigh- 
borhood of dimension j in . So its image under the above isomorphism 
also has a neighborhood of dimension j in {B^)^ x F^, we call it W . 

We know that pr2((/3(y, (5/2)) F^^, so the dimension of pr2(H^) is at 
least 1. On the other hand, pri(W) is an open subset of {B^)^ = B\ 
thus of dimension I. We conclude that j = dim(W^) = dim(pr]^(VF)) -|- 
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dim(pr2(VF)) > / + 1, which shows that I < j -1, so x e Sk,i C T^^"^). We 
have shown that {fs)i\sij indeed lands in T^^~^\ 

During the proof we also saw that a neighborhood of x £ Sk^i is given by 
yH ^ (^fc ^ p^^-^H ^ i^Qk^H y. pH ^ X . So T = 5^' is a regular 

p-stratifold. □ 

Now we show that the p-stratifolds are Euler stratifolds if is a 
G-Euler stratifold. 

Proposition 5.4. Let S be a G-Euler stratifold, and H < G a subgroup of 
G. Then is an Euler stratifold. 

Proof. We have shown in Proposition 15.31 that is a regular p-stratifold. 
We now need to see that has the Euler property: Let x G C S. 
Let Fx be the fiber at x in S, F^ sh the fiber at x in . Then F^ sh = 
F^, Fx,s«fi = F^fl = Pt^ and Fj^\F^^, = (F^F^.o)^. Thus 

x{Fx,sAFx,s«,o) = xiiFAF.fif). 

Since is a G-Euler stratifold, we know that x'^'^ {Fx\Fx,o) = X] ' [Gx/K] 
with aK ■ \Ng^K/K\ even. Thus x((i^x\i^x,o)^) = E oa' • \{Gx/K)"\. We 
know that Nq^K/K operates freely on Gx/K by 

Ng^K/KxGx/K ^ Gx/K 
{nK,gK) i-^ gn^^K. 

So it acts freely on any fixed point set. Thus {Gx/K)^ is a disjoint union of 
orbits each of which is isomorphic to Nq^K/K. So \{Gx/ K)^\ is divisible 
by \Ng^K/ K\, and ax • \{Gx/K)^\ is divisible by the even number ok • 
\Ng^K/K\. Thus xiiFAFxfi)'') = E fli^ • \{Gcc/K)H\ is even. □ 

Now we are ready to generalize the procedure employed in the construc- 
tion of non-equivariant Euler homology. We know that G-Euler stratifolds 
form a bordism class since they are defined locally, only by imposing condi- 
tions on Fx. So the assignment 

Eh^ : G-Top Ab 

X 1-^ { [S", /] I 5 n-dim. closed G-Euler str., f : S X G-equ.} 
{g:X^Y) ^ (^g^..[SJ]^[S,gf]) 

, ^ Q 

for all n S N [Eh^ := for n < 0) together with the usual boundary 
operator d is a G-homology theory |Webn5| Proposition 1.9]. 

We calculate Eh^, (pt) for any finite group H. 

Proposition 5.5. Let Li be a finite group. Then Eh^ {pt) = Vh for all 
n > 0. 
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Proof. We set (j): Eh^ (pt) — > Vh, [S] i-^ x^{S). The first task is to see that 
this assignment is well defined. We need to show that x^{dS) = € Vh for 
all compact H-Fiuler stratifolds S with boundary. We consider the following 
commutative diagram with exact rows, where all sums are taken over c{H), 
i.e., over conjugacy classes of subgroups of H. 



A{H) 



pr 



2 

^ ffi{A')^ ■ '■ ^ ®{K)'^ ■ XK 



Vh 











[H/L] 



[H/L] 



pr 



V2 • [H/L] 







Here xk '■= \NK/K\ ^[H/K]. The inclusion i is given by [H/K] i-^ 
[H/K] = \NK/K\ ■ Xk, and i is the inclusion given by [H/K] i— > xk for 
\NK/K\ odd. If \NK/K\ is odd, we have pi i{[H/K]) = xk = ~ivA[H/K]). 
If \NK/K\ is even, we have Y>xi{[H/K]) = = ipT{[H / K]). So pri = ipr. 

The map ^ is given by XK ^ \NK/K\~ch{[H/K]). Here ch is the 
character map defined by ch{[H/K]) = {|(ii'/iir)^|}(i)gc(_ff)- It is injective 
and has the property that ch[x^ {X)) = {x{{^)^)}{l)&c{H) for any H-CW 
complex X jtHTol 5.5.1 and 5.5.8] ILR031 4.2]. We know that V is an 
isomorphism |tD79[ Proposition 5.8.3]. The five-lemma implies that the 
induced map tp is also an isomorphism. By definition, we have ipi = ch. 

Let x^{dS) = Yj{k)(^k ■ [H/K] G A{H). We need to show that this 
maps to in Vh. By definition ch{x^{dS)) = {x((9^)^)}(L)e c{H) ■ Since 
(dS)^ = d{S^), the fact that the are Euler stratifolds implies that 
x{{dS)^) = x{d{S^)) = mod 2 (Theorem ESI . Thus prch{x"{dS)) = 0. 
We calculate 



zr-(55) =ipr(x^(a5)) = prf(x^(a5)) 



By injectivity of i, this implies x^ (dS) = 0. 

The map (p is injective: If S is an ff-Euler stratifold with (/"([S]) = 
(S) = 0, then CS is an H-Enlev stratifold. The only point where there 

is something to check is the cone point. If x is the cone point, Fx\Fxfi — S 

and H, = H, thus x^-(F,.\F,.,o) = x^(5) = OeVH. So [S] = [dCS] = 0. 
The map (p is surjective since the 0-dimensional i^-manifolds H/K can 

be seen as n-dimensional -ff-stratifolds H/Kn. Thus the elements [H/Kn] 

with \NK/K\ odd are in Eh^ (pt) and their images form a basis of Vh- D 

Because of the induction structure, this suffices to obtain the result stated 
in Proposition 15.11 for all discrete groups G. Using the Mayer- Vietoris se- 

Q 

quence, we can then calculate Eh^ (X) for all proper G-CW-complexes X. 
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